ON THE STRUCTURAL THEORY OF IIi FACTORS OF 
NEGATIVELY CURVED GROUPS 
SUR LA STRUCTURE DES FACTEURS DE TYPE IIi ASSOCIE 
AVEC LES GROUPES DE COURBURE NEGATIVE 
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Abstract. Ozawa showed in |22| that for any i.c.c. hyperbolic group, the 
associated group factor LF is solid. Developing a new approach that combines 
some methods of Peterson |30) . Ozawa and Popa 28', 29 , and Ozawa [26] . we 
strengthen this result by showing that LT is strongly solid. Using our methods 
in cooperation with a cocycle superrigidity result of loana |13| , we show that 
profinite actions of lattices in Sp(n, 1), n > 2, are virtually VF*-superrigid. 
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Resume. Ozawa a montre dans ,22, soit une c.c.i. groupe hyperbolique, le 
facteur de type IIi associe est solide. En developpant une nouvelle approche 
qui en combine les methodes de Peterson |30) . Ozawa et Popa |28l I29j . et 
Ozawa | 26l , nous renforcent ce resultat en montrant cela facteur est fortement 
solide. Suivre nous methodes en cooperation avec une resultat d'loana de 
superrigidite des cocycles I13| . nous prouvent que les actions des reseaux de 
Sp(n, 1), n > 2, sont virtuellement W*-superrigide. 

Mots-clefs: fortement solidite, groupes de courbure negative, groupes «bi- 
exact> 



Introduction 

In a conceptual leap Ozawa established a broad property for group factors of 
Gromov hyperbolic groups — what he termed solidity — which essentially allowed 
him to reflect the "small cancellation" property such a group enjoys in terms of its 
associated von Neumann algebra. 

Ozawa's Solidity Theorem ([22]). IfT is an i.c.c. Gromov hyperbolic group, then 
LT is solid, i.e.. A' H LT is amenable for every diffuse von Neumann subalgebra 
A c LT. 

Notable for its generality, Ozawa's argument relies on a surprising interplay between 
C*-algebraic and von Neumann algebraic techniques |3]. 

Using his deformation/rigidity theory [33j, Popa was able to offer an alternate, 
elementary proof of solidity for free group factors: more generally, for factors ad- 
mitting a "free malleable deformation" [34]. Popa's approach exemplifies the use 
of spectral gap rigidity arguments that opened up many new directions in defor- 
mation/rigidity theory, cf. [531 1211133] • Of particular importance, these techniques 
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brought the necessary perspective for a remarkable new approach to the Cartan 
problem for free group factors in the work of Ozawa and Popa |28j [2^ — an ap- 
proach which this work directly builds upon. 

A new von Neumann-algebraic approach to solidity was developed by Peterson 
in his important paper on L^-rigidity [30 . Essentially, Peterson was able to exploit 
the "negative curvature" of the free group on two generators F2, in terms of a 
proper 1-cocycle into the left-regular representation, to rule out the existence of 
large relative commutants of diffuse subalgebras of LW2 ■ 

Peterson's Solidity Theorem ([3D])- If ^ is i.c.c. countable discrete which 
admits a proper 1-cocycle h : T ^ T-Lj^ for some unitary representation n which 
is weakly-P (i.e., weakly contained in the left-regular representation), then LT is 
solid. 

It was later realized by the second author 40 that many of the explicit unbounded 
derivations (i.e., the ones constructed from 1-cocycles) that Peterson works with 
have natural dilations which are malleable deformations of their corresponding 
(group) von Neumann algebras. 

However, the non-vanishing of 1-cohomology of F with coefficients in the left- 
regular representation does not reflect the full spectrum of negative curvature phe- 
nomena in geometric group theory as evidenced by the existence of non-elementary 
hyperbolic groups with Kazhdan's property (T), cf. In their fundamental works 
on the rigidity of group actions .18. .19, , Monod and Shalom proposed a more inclu- 
sive cohomological definition of negative curvature in group theory which is given 
in terms of non-vanishing of the second-degree bounded cohomology for F with co- 
efficients in the left-regular representation. Relying on Monod's work in bounded 
cohomology ^7\, we will make use of a related condition, which is the existence 
of a proper gwasi- 1-cocycle on F into the left-regular representation (more gener- 
ally, into a representation weakly contained in the left- regular representation), cf. 
[T71[4T]. By a result of Mineyev, Monod, and Shalom [16 , this condition is satis- 
fied for any hyperbolic group — the case of vanishing first £^-Betti number is due to 
Mineyev [15] . 

Statement of results. We now state the main results of the paper, in order to 
place them within the context of previous results in the structural theory of group 
von Neumann algebras. We begin with the motivating result of the paper, which 
unifies the solidity theorems of Ozawa and Peterson. 

Theorem A. Let F be an i.c.c. countable discrete group which is exact and admits 
a proper quasi- 1-cocycle g : F — > for some weakly-P unitary representation ir 
(more generally, F is exact and belongs to the class QH^cg of Definition \1.6\) . Then 
LT is solid. 

In particular, all Gromov hyperbolic groups are exact, cf. ^37j, and admit a proper 
quasi- 1-cocycle for the left-regular representation [16]. For the class of exact groups, 
belonging to the class QH^cg is equivalent to bi-exactness (see section |T|), so the 
above result is equivalent to Ozawa's Solidity Theorem. 

Following Ozawa's and Peterson's work on solidity, there was some hope that 
similar techniques could be used to approach to the Cartan subalgebra problem for 
group factors of hyperbolic groups, generalizing Voiculescu's celebrated theorem 
on the absence of Cartan subalgebras for free group factors [44]. However, the 
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Cartan problem for general hyperbolic groups would remain intractable until the 
breakthrough approach of Ozawa and Popa through Popa's deformation/rigidity 
theory resolved it in the positive for the group factor of any discrete group of 
isometrics of the hyperbolic plane [29]. In fact, they were able to show that any 
such III factor M is strongly solid, i.e., for every diffuse, amenable von Neumann 
subalgebra A C M, Nm{A)" C M is an amenable von Neumann algebra, where 
Mm{A) = {it G U{M) : uAu* = A}. 

Using the techniques developed by Ozawa and Popa [551 HH] and a recent result 
of Ozawa [13] , we obtain the following strengthening of Theorem [X] 

Theorem B. LetT be an i.c.c. countable discrete group which is weakly amenable 
(therefore, exact). IfT admits a proper quasi- 1-cocycle into a weakly-£^ represen- 
tation, then LT is strongly solid. 

Appealing to Ozawa's proof of the weak amenability of hyperbolic groups [24) . 
Theorem |B] allows us to fully resolve in the positive the strong solidity problem — 
hence the Cartan problem — for i.c.c. hyperbolic groups and for lattices in connected 
rank one simple Lie groups. In particular, if F is an i.c.c. lattice in Sp(n, 1) or the 
exceptional group F4(_2o), then LT is strongly solid. The strong solidity problem 
for the other rank one simple Lie groups — those locally isomorphic to SO(n, 1) or 
SU(n, 1))— was resolved for S0(2, 1), S0(3, 1), and SU(1, 1) by the work of Ozawa 
and Popa 29 and, in the general case, by the work of the second author [40]. The 
results follow directly from Theorem IB] in the co-compact (i.e., uniform) case: in 
the non-uniform case, we must appeal to a result of Shalom (Theorem 3.7 in |39j ) 
on the integrability of lattices in connected simple rank one Lie groups to produce 
a proper quasi- 1-cocycle. 

Building on loana's work on cocycle superrigidity [13], we are also able to obtain 
new examples of virtually W*-superrigid actions. 

Corollary B.l. LetT be an i.c.c. countable discrete group which is weakly amenable 
and which admits a proper quasi-1- cocycle into a weakly-£'^ representation. If T r\ 
{X, ii) is a profinite, free, ergodic measure-preserving action of T on a standard 
probability space {X,fi), then L°°{X,fj,) x: F has a unique Cartan subalgebra up to 
unitary conjugacy. If in addition T has Kazhdan's property (T) (e.g., T is a lattice 
in Sp(n, 1), n>2), then any such action T nv {X,fi) is virtually W* -superrigid. 

A natural question to ask is whether our techniques can be extended to demon- 
strate strong solidity of the group factor of any i.c.c. countable discrete group which 
is relatively hyperbolic [5D] to a family of amenable subgroups. 

The techniques used to prove Theorem [B] also allow us to deduce, by way of 
results of Cowling and Zimmer [9] and Ozawa [24] . the following improvement of 
results of Adams (Corollary 6.2 in [1]) and of Monod and Shalom (Corollary 1.19 
in [19]) on the structure of groups which are orbit equivalent to hyperbolic groups. 

Corollary B.2. LetT be an i.c.c. countable discrete group which is weakly amenable 
and which admits a proper quasi-l-cocycle into a weakly-l^ representation. Let 
T r\ (X, ^) be a free, ergodic, measure-preserving action ofT on a probability space 
and A r\ (Y, v) be an arbitrary free, ergodic, measure-preserving action of some 
countable discrete group K on a probability space. IfTr\ {X, fi) is orbit equivalent 
to A (Y, v), then A is not isomorphic to a non-trivial direct product of infinite 
groups and the normalizer of any infinite, amenable subgroup E < A is amenable. 
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Beyond solidity results, we highlight that the techniques developed in this paper 
also enable us to reprove strong decomposition results for products of groups in the 
spirit of Popa's deformation/rigidity theory. Specifically, we are able to recover the 
following prime decomposition theorem of Ozawa and Popa. 

Theorem C (Ozawa and Popa [27]). Let F — Fi x • ■ • x r„ be a non-trivial 
product of exact, i.c.c. countable discrete groups such that F,; G QHrcg, I < i < n. 
If N = Ni<Si ■ ■ ■ (EiNm is a product of IIi factors Nj, 1 < j < m, for some m > n, 
and LT = N , then m — n and there exist ti, . . . ,tn > with ti ■ ■ - tn = 1 so that, 
up to a permutation, (LFi)*' ^ Ni, 1 < i < n. 

An advantage to our approach is that our proof naturally generalizes to unique 
measure-equivalence decomposition of products of bi-exact groups, first proven by 
Sako (Theorem 4 in [38]). This type of result was first achieved for products of 
groups of the class Creg by Monod and Shalom (Theorem 1.16 in |19)). 

Corollary C (Sako |38|). Let F = Fi x • • • x F„ be a non-trivial product of ex- 
act, i.c.c. countable discrete groups such that Fj £ QH^cg, ^ ^ i l£ n, and let 
A = Ai X • • • X Am be a product of arbitrary countably infinite discrete groups. 
Assume that F '^me A, i.e., there exist F (A, /i) and A o^ {Y,v) free, ergodic, 
probability measure-preserving actions which are weakly orbit equivalent (Definition 
2.2 in jlOj j. If m > n then m = n and, up to permuting indices, we have that 
Pj ~ME Ai, 1 < i < n. 

On the method of proof. This paper began as an attempt to chart a "middle 
path" between the solidity theorems of Ozawa, Popa, and Peterson by recasting 
Ozawa's approach to solidity effectively as a deformation/rigidity argument. We did 
so by finding a "cohomological" characterization of Ozawa's notion of bi-exactness 
[23] . Interestingly, our reformulation of bi-exactness has many affinities with (strict) 
cohomological definitions of negative curvature proposed by Monod and Shalom \19\ 
and Thom [H . 

Working from the cohomological perspective, we were able construct "deforma- 
tions" of LP. Though these "deformations" no longer mapped LT into itself, we 
were still able to control their convergence on a weakly dense C*-subalgebra of LP 
namely, the reduced group C*-algebra C^(F), then borrow Ozawa's insight of using 
local refiexivity to pass from C^(F) to the entire von Neumann algebra. 

After this initial undertaking had been completed, we turned our attention to 
applying these techniques to the foundational methods which Ozawa and Popa 
developed in proving strong solidity of free group factors. Our approach through 
deformation/rigidity- type arguments allowed us to exploit the "compactness" of 
deformations coming from quasi-cocycles to achieve a finer degree of control than is 
afforded by the use of bi-exactness. This extra control was crucial in our adaptation 
of Ozawa and Popa's fundamental techniques in the proof of Theorem [Bl This 
should be considered the main technical advance of the paper. 
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this work to assume its final form. The second author extends his gratitude to Rufus 
Willett for several interesting conversations around Ozawa's solidity theorem. We 
also warmly thank Dietmar Bisch, Adrian loana, Narutaka Ozawa, Sorin Popa, and 
Stefaan Vaes for their useful comments and suggestions regarding this manuscript. 
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1. COHOMOLOGICAL-TYPE PROPERTIES AND NEGATIVE CURVATURE 

Let r be a countable discrete group. Recall that a length function | • | : F M>o 
is a map satisfying: (1) I7I = if and only if 7 = e is the identity; (2) |7^"^| = I7I, 
for all 7 e T; and (3) \-f6\ < \j\ + \5l for all j,S eT. 

1.1. Arrays. We introduce a general class of embeddings of a group F into Hilbert 
space that are compatible with some action of T by orthogonal transformations, 
which we refer to as arrays. These "arrays" distill the essential structural properties 
of proper afhne isometric actions while adding a substantial amount of "geometric" 
flexibility. In fact, the simplest example of an array will be a length function, which 
can be thought of as taking values in the trivial orthogonal representation. 

Definition 1.1. Let tt : F — > O('H^) be an orthogonal representation of a countable 
discrete group F and let Q he a, family of subgroups of F. A map q : T ^ Htt is 
called an array for every finite subset F C F there exists K >0 such that 

(1.1) \\7r^iqid))~qi^S)\\<K, 

for all 7 € -F, (5 € F (i.e., q is boundedly equivariant) . It is an easy exercise to show 
that for any array q there exists a length function on F which bounds ||9(7)|| from 
above. An array g : F — s- is said to be: 

• proper with respect to Q if the map 7 ^ 119(7)11 is proper with respect to 
the family 5, i.e., for all C > there exist finite subsets G, H C T, IC C G 
such that 

{7eF: ||q(7)|| <C}CG/Ci/. 

If Q — {{e}}, then this is the usual notion of metric properness, in which 
case the map q itself is referred to as proper; 

• symmetric if Tr^{q{'^^^)) — (7(7) for all 7 6 F; 

• anti- symmetric if Tr^{q{'^^^)) = —(7(7) for all 7 G F; and 

• uniform if there exists a proper length function | • | on F and an increasing 
function p : R>o — >■ M>o such that p{t) — J> 00 as t — >■ 00 and such that 

P(l7-''5|)<||<z(7)-<z(<5)||, 

for all 7, (5 e F. 

Remark 1.2. In the preceding definition we could as well have relaxed the condi- 
tion of strict (anti-)symmetry to merely the condition that ||7r-y(q(7^"'^)) ± (z(7)|| is 
bounded. However, it is easy to check that for any such function q, there exists an 
array q which is a bounded distance from q; namely, 5(7) = 5(9(7) i TT^{q{'^~^))). 
This observation is essentially due to Andreas Thom |41) . 

It is easy to see that a length function on a group is a uniform, symmetric array 
for the trivial representation. Our primary examples of (uniform) anti-symmetric 
arrays will be quasi-l-cocycles. 

Definition 1.3. Let F be a countable discrete group and tt : F — > ©(H^) be an 
orthogonal representation of F on a real Hilbert space Htv- A map q : T ^ Htt is 
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called a quasi- 1-cocycle for the representation tt if one can find a constant K > 
such that for all 7, A S F we have 

(1.2) \\q{jX)-q{j)-7r,{q{X))\\<K. 

We denote by D{q) the defect of the quasi- 1-cocycle q, which is the infimum of all 
K satisfying equation (|1.2p . Notice that when the defect is zero the quasi- 1-cocycle 
q is actually a 1-cocycle for tt [3]. In the sequel, we will drop the "1" and refer to 
(quasi-) 1-cocycles as (quasi-)cocycles. Again, without (much) loss of generality we 
will require a quasi-cocycle q to be anti-symmetric, since every quasi-cocycle q is 
a bounded distance from some anti-symmetric quasi-cocycle q, cf. [41] . which will 
suffice for our purposes. 

A distinct advantage to working with arrays is that, unlike cocycles (or even 
quasi-cocycles), there is a well-defined notion of a tensor product. 

Proposition 1.4. Let T be a countable discrete group. Let tt^ ; F ^ 0{'Hi) be 

an orthogonal representation for i = 1,2, and let qi : T ^ Hi be an array for tt^. 
Denote by 

k(7) = max||g,(7)|| -1-1 

1—1.2 

for all "/ (zT. Then the map qi A q2 ; F T^i (g) defined by 

(1.3) 91 A (72(7) = (7) ft (7) ® 92(7) 

is an array into the tensor representation tti (E> tt2. Moreover, if the arrays qi are 
assumed to be symmetric, then qi A 52 is symmetric. If each of the arrays qi is 
assumed to be proper relative to a given family Qi of subgroups of F then qi A q2 is 
proper with respect to the family t/i U ^2 ■ 

Proof. For brevity, we will denote tti ® 7r2 as tt and gi A 92 as q. First, we show 
that if qi , 52 are arrays then one can find a function r : T ^ K+ such that for all 
7, A G F we have 

(1.4) |.c(7A)-Ac(A)| <r(7). 
Indeed, by applying the triangle inequality, we see that 

(1.5) 

Ac(7A) = max{||(7i(7A)||, ||g2(7A)||} + 1 

< max{||gi(A)||, ||<Z2(A)||} + 1 + max{||gi(7A) - (^i)^(<zi(A))||, ||g2(7A) - (7r2)^((Z2(A))||} 

< A^(A) -|-max{||<zi(7A) - (7ri)^(gi(A))||, ||q2(7A) - (7r2)^(g2(A))||} 

Since qi and (72 are arrays, there exists a function 7 t-^ r^j) suchthat max{||gl(7A) — 
(7^l)^(gl(A))||, ||g2(7A) - (7r2)^(g2(A))||} < r'{j) for all A e F. Using this notation 
(jl.5|) can be rephrased as k(7A) < ^'(7) -I- k(A) for all 7, A £ F. This implies that 
k(A) = k(7~^7A) < r' + k(7A) for all 7, A G F. Therefore, when combining 
the last two inequalities we conclude that 

|^(7A)-«;(A)| <max{r'(7),r'(7-i)}, 

for all 7, A G F. Letting r{'-f) = max{r'(7), r'{'j~^)} we obtain (|1.4p . 

Next, we will show that q is an array; that is, that q is boundedly equivariant. 
Applying the triangle inequality, we have the following estimates: 
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||q(7A)-7r^(g(A))|| 
= ||K(7A)-igi(7A) q2{jX) - KiX)-\n,)^{q,iX)) ® (7r2)^((Z2(A)) 1| 

< n{jX)-^ (gi(7A) - {7r^Uq,{X))) ^ q^i^X)]] 
+ \>i{jX)-' - k{X)-'\ \\n^{qi{X)) ® q2{jX)\\ 
+«;(A)-i||(^i)^(gi(A)) fe(7A) - (7r2)^fe(A))) || 

< lki(7A) - (vri)^(gi(A))|| + ||g2(7A) - (^2)^(g2(A))|| + ^jX) - k(A)| 

< lki(7A) - (vri)^(gi(A))|| + ||<Z2(7A) - (^2)^(q2(A))|| + |r(7)|. 

Since qi is boundedly equivariant, i — 1,2, the previous inequality combined 
with (|1.4p shows that q is boundedly equivariant. 

From the definitions, one can easily see that if each qi is symmetric, then q is 
again symmetric. 

Finally, we verify the properness condition. Let C > be a fixed arbitrary 
constant and denote by if = {7 e F : 119(7)11 < C}. A straightforward computation 
shows that if 7 e X then either ||qi(7)|| < C or ||(72(7)|| < C. Since each qi is proper 
relative to Gi, so there exist finite sets Gi , G2 , i?i , -^2 C F, Ki C t/i, and K2 C G2 
such that K C GiKiHiUG2K2H2- Since this holds for all C > 0, we have obtained 
that q is proper relative to C/i U ^2 • D 

Proposition 1.5. Let tt : F — > 0{'H-„) he an orthogonal representation. Assume 
that F admits a proper array g : F — > H-^ for n which is boundedly bi- equivariant, 
i.e., \\q{'jSX) — 7r^g((5)|| < G(7, A), for all 7,(5, A G F. Here, C{j,X) denotes a 
constant only depending on 7 and X. Then there exists a symmetric proper array 
q : F — > ® TCtt for the diagonal representation tt (Ejtt. 

Proof. We begin by observing that if q is proper and boundedly bi-equivariant, then 
the map g' : F TLt^ defined by q'{^) — 77-^(9(7^^)) is also boundedly equivariant 
and obviously proper. 

Indeed, to see this we note that be definition we have 

\\q'ijS)-n,{q'{Sm = \\q{6-'-r') ~ q{S-')\\ < C{e,^-'). 

Notice that the above constant depends only on 7. 

Now we consider g : F — > T-Lt^®T-Ltt to be the symmetric product of the boundedly 
equivariant maps 9(7) = ^ (g A g'(7) + g' A g(7)), which is also boundedly equivari- 
ant from the previous proposition. It is a straightforward exercise to check that g 
is symmetric, i.e. (tt ® = 9(7)- 

Finally, since the square of the norm of the symmetric product of two vectors x 
and y is + we have that g is proper implies that g is also proper. 

□ 

1.2. The classes QH and QHrcg- We now proceed to describe some "cohomologi- 
cal" properties of countable discrete groups which capture many aspects of negative 
curvature from the perspective of representation theory. 

Definition 1.6. We say that a countable discrete group F is in the class QH if 
it admits a proper, symmetric array g : F — > for some non-amenable unitary 
representation tt : T ^ U{'H-n). If the representation tt can be chosen to be weakly- 
then we say that F belongs to the class QHieg. 
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By Proposition 11.51 we see that the class QHrcg generalizes the class 2?icg of 
Thorn [41] and that the class QTi contains all groups having Ozawa and Popa's 
property (HH) '57. 

Proposition 1.7. The following statements are true. 

(1) // Fi, T2 G QH, then so are Ti x r2 and Fi * 

(2) //Fi,F2 e QHrcg, then Fi * Fa £ QHreg- 

(3) //Fi,F2 e QHicg are non- amenable, then Fi x F2 ^ Q'Hrcg- 

(4) If T is a lattice in a simple connected Lie group with real rank one, then 

F e QHrcg. 

(5) If T € QH, then F is not inner amenable. If in addition F is weakly 
amenable, then F has no infinite normal amenable subgroups. 

Statement (5) is essentially Proposition 2.1 in [29 combined with Theorem A in 



Proof. Statements (1) and (2) follow exactly as they do for groups which admit a 
proper cocycle into some non- amenable (respectively, weakly £'^) unitary represen- 
tation, cf. |41) . 

We prove statement (3) under the weaker assumption that F ^ A x E, where 
A is non-amenable and S is an arbitrary infinite group. By contradiction, assume 
F admits a proper, symmetric, boundedly equivariant map q : T ^ £'^(T) (by 
inspection, the same argument will hold for g : F — > for any weakly-£^ unitary 
representation tt). Since the action of A on -^^(F) has spectral gap and admits no 
non-zero invariant vectors, there exists a finite, symmetric subset S* C A and K' > 
such that 

iieii<i^'ViiA.(o-eii, 



for all ^ G ^^(r). Let K" > be a constant so that inequality (|l.ip is satisfied for 
S CT, and set K — ma,x{K', K"}. We then have for any 5 G S that 



H9)\\<K 



E 

sG5 



seS 



(1.6) 



= K 



seS 



= K 



seS 



= K 



XMg)) - <ii9)\\ 



qisg) - 9(5)11 



9s 



{q{s-'g-' 



K^\S\ 
K^\S\ 

))-\Mg-'m + K'\s\ 



A. 



Mg-'))-qi^-'g-') 



K^\S\ < 2K^\S\. 



Hence, ||9(5)|| is bounded on S, which contradicts that q is proper. 

For statement (4), it is well known that any co-compact lattice in a simple Lie 
group with real rank one is Gromov hyperbolic; hence, by [16) it admits a proper 
quasi-cocycle into the left-regular representation. A result of Shalom, Theorem 3.7 
in [39], shows that any lattice in such a Lie group is integrable, and therefore 
measure equivalent to any other lattice in the same Lie group. It is easy to check 
that having a proper quasi-cocycle into the left-regular representation is invariant 
under ^^-measure equivalence, cf. Theorem 5.10 in [41] . 
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In order to prove statement (5), we assume by contradiction that F is inner 
amenable, i.e., there exists a state </? on £°°{T) such that (p ± ^^(r) and </joAd(7) — ip 
for all 7 G T. Let q : T ^ H.^ be an array into a non- amenable representation 
Define a u.c.p. map T : Q5(H.) ^ ^-(r) by r(x)(7) = ^^(xg(7), 9(7)}. 
Similarly to the proof of statement (3), by symmetry and bounded equivariance, 
for every 7 G F, there exists K >Q such that 

(1.7) \\q{-f-H^)-^^-^{qm\<K, 

for all ^ £ F. Since q is proper, this implies that the state <J> = 1^9 o T on *B(?^7r) 
is Ad(7r)-invariant. However, this contradicts the fact that tt is a non-amenable 
representation. The remaining assertion follows by Theorem A in |26) . 

□ 

The class QHrcg is intimately related with Ozawa's class of bi-exact groups (often 
denoted as the class S in the literature, e.g., [53', A reader unfamiliar with 
the theory of exact groups should consult Appendix 1X1 before proceeding further. 

Definition 1.8 (Ozawa [11 [23]). A countable discrete group F is said to be bi-exact 
if it admits a sequence ^„ : /3'F — >• ^^(F) of continuous maps such that > 0, 
||Cn(a;)||2 = 1, for all x G P'T, n e N, which satisfy 

(1.8) sup ||A^(e„(x)) - Ul^S)\\2 ^ 0, 
x£i3'r 

for all 7, (5 e F. Here /3'F = /3F \ F denotes the Stone-Cech boundary. 

It is easy to see that if F is bi-exact in the sense of Definition 15.1.2 of (4j if and 
only if F is bi-exact in the sense of the above definition. By the same proof that 
"property A ^ coarse embeddability into Hilbert space" (cf. [11 [37]), we have the 
following 

Proposition 1.9. // F is bi-exact, then it admits a uniform array into £'^(T)®°°. 
In particular, F is exact and belongs to the class QHreg ■ 

Indeed, from the maps one may construct a proper, boundedly bi-equivariant 
map into £^(F)®°°, which may in turn be used to construct a proper, symmetric 
array by Proposition 1 1.5 1 

Remark 1.10. After a preliminary version of this manuscript was circulated, Naru- 
taka Ozawa pointed out that the converse is also true. That is, if a countable 
discrete group F is exact and belongs to the class QT^rog, then F is bi-exact. A 
proof for the special case of the left- regular representation is contained in [7^: the 
general case may be found in [36) . 

The class QH^cg is strictly larger than the class Prcg of Thorn [H] . This follows 
from Ozawa's proof that the group 1? x SL(2,Z) is bi-exact [5S], in conjunction 
with a theorem of Burger and Monod 5 demonstrating that 1? xi SL(2, Z) admits 
no proper quasi-cocycle for any representation. However, it is instructive to supply 
a direct proof without appealing to bi-exactness. 

Proposition 1.11. The group 1? x SL(2,Z) is in the class QHicg- 

The details of the construction are found in Appendix [B] 
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2. Deformations of the uniform Roe algebra 

2.1. Schur multipliers and the uniform Roe algebra. Using exponentiation, 
we now describe a canonical way to associate to an array g : F — J> "H^ a family of 
multipliers mt on *8(£^(r)). First notice that the kernel (7,(5) i-)- \\qi'^) — 'j'('5)|P 
is conditionally negative definite (cf. Section 11.2 in or Appendix D in 4l) 
and therefore by Schoenberg's theorem ^7\, for every i S R, the kernel Kt{'y,S) — 
exp(—t^ 11(7(7) — (j'(^)lp) is positive definite. Hence for every t there is a unique 
unital, completely positive (u.c.p.) map mt : 58(£^(r)) — !B(£^(F)) called a Schur 
multiplier, such that 

(2-1) mt{[x^,s]) = [Kt{j,S)x^^s], 

for aU X e *B(^2(r)). 

If F is a group then the uniform Roe algebra C*(F) is defined as the C*-subalgebra 
of 'B(£2(F)) generated by C^(r) and £°°(T). Notice that if one considers the action 
F £°° (F) by left translation, then the uniform algebra C* (F) can be canonically 
identified with the reduced crossed product C*-algebra £°°{T) x A,r-F. Let Fq denote 
the net of unital, symmetric, finite subsets of F. Given a finite subset F G Fq, we 
define the operator space of F -width operators X(F) to be the space of bounded 
operators x £ S(^^(F)) such that x^^s = whenever ■y^^S € F\F. Since it is easy to 

check that X{F) = £°°(F)C[F]£~(r), we have C;(F) = span{X{F) : F G i^o}" ' "■ 
Our interest in the uniform Roe algebra stems from the fact that it is, in practical 
terms, the smallest C*-algebra which contains C^(F) and which is invariant under 
the class of Schur multipliers associated to F. 

Proposition 2.1. The algebra C*(F) is invariant under mt- 

Proof. Let x G C* (F), then there exists a sequence (a;„) of elements of span{X (F) : 
F £ Fq} such that ||a;„ — a;||oo — )■ 0. It is easy to see that if x„ is supported on the 
set Fn G Fq, then mt(x„) G X(F„). Since ||mt(a;„) — mt(x)||oo — > 0, we have that 
mtix) G C:(F). □ 

We will also heavily use the following observation of Roe on the convergence of 
mt on C;(F), cf. Lemma 4.27 in 

Proposition 2.2. If q is an array, then for all x G C*(r), we have that ||mt(a;) — 
a;||oo^'0(zs/;— >0. 

2.2. Construction of the extended Roe algebra C*(r r\P Z). Let F r\P {Z, rj) 

be a measure preserving action on a probability space Z . By abuse of notation, 
we still denote by p the Koopman representation of F on L^{Z,r]) induced by the 
action p. Then consider the Hilbert space L^{Z,ri) (g) ^^(F) and for every 7 G F 
define a unitary u-y G S(L^(Z) (X) ^^(F)) by the formula 

Uj{^ ® Sh) = Py{£.) S^h, 

where £, G L'^{Z) and /i G F. Consider the algebra L°°{Z x F,?; x c) C Q3(L2(Z) (g) 
£^(F)), where c is the counting measure on F. Then the extended Roe algebra 
C*(F r\'^ Z) is defined as the C*-algebra generated by L°°{Z x F) and the unitaries 

inside ^{LP'{Z) (8)i'^(r)). Notice that when X consists of a point, our definition 
recovers the regular uniform Roe algebra, i.e., C*(F rx^ Z) — C*(F). 

As in the case of the uniform Roe algebra, we will see that C*(F r\P Z) can be 
realized as a reduced crossed product algebra. Specifically, we consider the action 
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r r> X r) given by XP{f){x,h) = f{-f-^x,-f^^h), where / e x T), 

a; G Z and 7, ft. e F. Then we show that C*(r r\'' Z) is naturahy identified with 
the reduced crossed product algebra corresponding to this action and the faithful 
representation x T) C ^{L'^{Z) (g) e'^{T)). 

Proposition 2.3. C*(r r\P Z) = L°^{Z x T) Xap,^ T. 

Proof. Consider the operator U : L^{Z) ® P{T) ® l'^{V) L^{Z) (g) ^^(r) ® ^{r) 
defined by U{( •S> Sk Sh) = aniO 'Si 6k 'Si Shk, where ^ G L'^{Z) and 7, ft £ T. 
One can easily check this is a unitary, and below we will show it implements a 
spatial isomorphism between the two algebras. For this purpose we will be seeing 
C*(r r\ Z) as the C*-algebra generated by L°°{Z x T) and inside <B(L2(Z) S 
e{T)se{V)), where 

2 /(C ®5k® 5h) = (/(■, ft)C) 4 » 6h 

u^iC S Sk S Sh) ^ PyiO S 6k S Sjh, 

for aU / e L°^iZ x T), -f,h,ke T, and f £ i^(^). 

Using the formula for U in combination with equations (j2.2[) . we have 

C/(l S X-y){^ SSkS 6h) = SSkS 6jh) 
= p-(hiO S6kS 
= UjiphiO S6kS Shk) 
= u^U{£, sSkS Sh); 

hence, U{1 S Xj)U* = Uj for ah 7 e T. 

We also consider the representation of x T) on ^{L^{Z) S ^^(r) S i^(r)) 

given by SSkS Sh) = K-^im ® 4) S Sh, for every / e L-^{Z x T). 

Combining this with equations (12.21) we see that 

c/^(/)(e sSkS Sh) = u{{\l_, im ® Sk) S Sh) 

^ U{ph-i{f{- ,hk))^SSkS5h) 
= /( • , hk)ph{0 SSkS Shy 
= fUi^SSkSSh). 

Therefore, for all / G L°°{Z x F) we have Un{f )U* = /, and from the discussion 
above we conclude that U{L°°{Z x T) Xap,^ T)U* ^ C*{T r\ Z). □ 

For further reference we keep in mind the following diagram of canonical inclu- 
sions: 

L°°(Z)Xp.,. F C L°°(Z x F) XAP.r F = C*{T r\P Z) 
(2.3) U U 

C;(F) C ^°°(F)xa,,F = Q(F) 

Note there exists a conditional expectation E : L°°{Z x F) — s> £°°{T) defined by 
E{f){'j) = f{x,^)d^{x). This map is clearly F-equivariant and thus it extends 
to a conditional expectation E : C*(F r\ Z) ^ C!*(T) by letting E{J2-y ^i''^i) = 
E{xy)uy for any ^ x^^w.^ G C*(F Z) with x.., G x F). 
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2.3. A path of automorphisms of the extended Roe algebra associated 
with the Gaussian action. Let F r\'^ {X, /i) be a measure preserving action of 
r on a probability space X. Following 'WP , any orthogonal group representation 
TT : r — > 0{Hty), gives rise to a measure-preserving action which we still denote 
by r r\'^ {Y^^v^), called the Gaussian action. We consider the diagonal action 
r r>'^«"^ {X X v'^) and which will be denoted by T r\P (Z,C). As in the 

previous subsection, to this action we associate the extended Roe algebra C* (F r\i^ 
Z). Below we indicate a procedure to construct a one-parameter family (at)fgR of 
automorphisms of C*(r rx^ Z). Specifically, at is obtained by exponentiating an 
array q :T in a similar way to the construction of the malleable deformation 

of LT from a cocycle h as carried out in §3 of [40]. Crucially, this family will be 
continuous with respect to the uniform norm as < — > fLemma l2.6|) . 

Following the construction presented in §1.2 of [40], given an array q : F — s> Htt, 
there exists a one-parameter family of maps vt : T ^ IA{L°°{Y'^ ^v'^)) defined by 
Vt{'~i){x) = exp(ii(7(7)(x)), where 7 G F, a; £ . Using similar computations as in 
[311 140] one can verify that we have the following properties: 

Proposition 2.4. 

(2.4) //tt is weakly-i^ then the Koopman representation '^<y\Ll{Y^ 

is also weakly-i"^] 

(2.5) J Vth)ix)vtiSrix)d^iix) = Ktij, 6) for all j,S eV. 

These maps give rise naturally to a path of operators Vt G *B(L^(y'^) (g)L^(X) 
£2(F)) by letting ® ?? (5^ ) = (1^4(7)6 ®??<8"5^, for every ^ G L'^iY''), -q G i^(A) 
and 7 G F. For further reference we summarize below some basic properties of Vt- 

Proposition 2.5. For every t, s G K we have the following properties: 

(1) VtVs = Vt+s, VtV; = V^Vt = 1; 

(2) If the array is anti- symmetric we have JVtJ — Vt and if it is symmetric we 
have JVtJ=V-f Here we denoted by J : {L^ (Z) xT) ^ {L°° (Z) xT) 
Tomita's conjugation. 

Proof. The first part follows directly from the definitions, so we leave the details 
to the reader. To get the second part it suffices to verify that the two operators 
coincide on vectors of the form ^ ry (g) 5^. G L'^{Y'^) (g) L'^{X) (ED f^(F). If we assume 
that q is an anti-symmetric array then employing the formulas for J, Vt, Vt we see 
that 

JVtJ{^ ® r/ ® <5^) = JVt{{<J^-i (r)) ® <Jy-^ iv*) ® ^7-0 

= J(ut(7"l)CT.^-i(r) ^Cr^-i (??*)«) (5^-1) 

= (cr^(u_t(7-^))0 «"7®<57 

= (exp(-it7r^((7(7"^)))^) ^ r] (g) 6j 

= (exp(itg(7))^) (g) ?7 (g) (5^ 

= Vti^(E)T](E)S^), 

which finishes the proof in this case. 

When the array is symmetric we get the conclusion by a similar computation. 
In this case the details are left to the reader. □ 
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Since Vt is a unitary on L'^{Z) (g)^^(r), we may consider an inner automorphism 
at of «8(L2(Z) (g)e^{T)) by letting at{x) = VtxVt* for all x S ^{L^{Z) (g> e^{T)). 
Notice that this formula gives a family of inner automorphisms of the extended Roe 
algebra. Moreover, when restricting to the extended Roe algebra C*{T r\ X) one 
can recover from at the multipliers introduced above: E o at{x) = idx ®Tnt(x) for 
ah X G C*{T rxX). 

However, one can see right away that these automorphisms do not move the 
group-measure space von Neumann algebra L°°{X) x F into itself. Hence, applying 
the deformation/rigidity arguments at the level of von Neumann algebra L°°{X) xF 
is rather inadequate. As we will see in the next section, this difficulty is overcome 
by working with the reduced crossed product C*-algebra L°°{X) xicr.rF rather than 
L°°{X) X F. The following result underlines that the path at is a deformation at 
the C*-algebraic level, i.e., with respect to the operatorial norm. 

Lemma 2.6. Let q be any symmetric or anti-symmetric array. Assuming the 
notations above, for every x £ L°°(X) Xcr,r F we have 

(2.6) \\{atix) - x) ■ e\\oo ^ as t ^ 0; 

(2.7) \\{at{JxJ) - JxJ) ■ e||oo -^0 ast^O, 

where \\ ■ ||oo denotes the operatorial norm in *B(i^(Z) (g)^^(F)). Here e denotes the 
orthogonal projection from L^{Z) (g) i^{T) onto L^iX) ® i'^{T). 

Proof. Since elements in L°°(X) Xcr,r T can be approximated in the uniform norm 
by F-finitely supported elements, using the triangle inequality it suffices to show 
(|2.6p only for x = "^g^pXgUg, a finite sum where Xg S L°°{X). Fix an arbitrary 
vector ^ — ^-y (5-y € L'^{X) ® ^^(r). Using the formula for at in combination 
with the Cauchy-Schwarz inequality, we have 



(2.8) 

\\{at{x) - a;)ef = II ^oiytUgV^t - Ug){^^ ® 5. 



gG-F7Gr 



< iFlmaxllxJiL E H E(^*"f " ® '^7) II' 

\ ^ ^ \geF 7Gr 

Applying the definitions and the formula for Vt we see that Ug{S^^®5^) = <yg{£,-i)®5g^ 
and VtUgV-tiS,"! ®5^) = vt{gj)crg(v^ti'j)) ^f^gi^-y) ^Sg-y. Therefore, continuing the 
estimate (12.81) we obtain 



^1 mjijf ll^^sIlL ) E II Y.^M9lWgiv-th)) - 1) ® <Jg{^^) ^ 
^ ' geF 7er 



37 ll 



(2.9) = |^^|max||x,||L EEll^7ini"*(ff7K(t^-t(7))-lf 
^ ^ ^ geF -yer 

= 2f\F\ max I|:z:,||L) E E H^^f (1 " r{vtigj)ag{v^thm • 
^ ^ ' geF-ter 

On the other hand, the same computations as in the proof of (|2.5p together with 
inequality imply that, there exist K >0 such that for every g £ F and 7 G F 
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we have 

T{vt{gi)(Jg{v^th))) ^ / ejip{it{q{g-f) -TTg{q{j))){x))dfi{x) 
Jx 

(2-10) =exp(-t2||g(g7)-7r,(g(7))f) 

> exp {-t'^K) . 

Thus, combining (g^, and (piU)) we conclude that, for ah ^ e L'^ {X) i^i ('^ (T) , 
we have 

- xKf < 2 (^max ||x,|u) H^flFp (l - exp {-fK)) , 
which further impHes 

(2.11) \\{at{x) - x) • elloo < 2 (^max \F\^ (l - exp(-i2if)) . 

Since F is finite, then exp{~fK) 1 as i 0, and ([^ follows from (pUj) . 

It remains to show (|2.7p . Assume first that q is anti-symmetric. Since [e, J] = 0, 
by Proposition 12 .51 we see that {at{JxJ) — JxJ) ■ e = J{{at{x) — x) ■ e)J. Therefore, 
p.7[) follows from (|2.6p because J is an anti-linear isometry. Similarly, when the 
array is symmetric, by the second part of Proposition l2.5l we have (at (JxJ) — JxJ) ■ 
e — J{{a~t{x) — x) ■ e) J and the conclusion follows by the same reasoning. □ 



Remark 2.7. For future reference we make the following observation: in the proof 
of the previous proposition we used the symmetry or anti-symmetry of the array 
to show that the deformation converges pointwise in the operatorial norm to the 
identity on JC^(r)J. Except for establishing this fact, there is no other instance 
where symmetry or anti-symmetry will be used in the sequel. 

Next we show that the path of unitaries Vt satisfies a "transversality" property 
very similar to Lemma 2.1 in |35) . Our proof follows closely the proof of Lemma 
3.1 in |43!: we include it here only for the sake of completeness. 

Lemma 2.8. IfVt is the unitary defined above, then for all ^ G L'^{X) ® ^^(r) and 
all t eR we have 

(2.12) 2\m)~e-v,ior>u-vtim'- 

Proof. Fix ^ e L'^{X) ^^(F) and assume that it can be written as ^ = J^-y ® '^7 
with G L^{X). Straightforward computations show that Vt{^) = J2'y^t{l) (8) 
Sj and e ■ Vt(^) = t(u4 (7))1 (8> ^7 (8) S^; thus, the left side of p.l2p is equal 

to 

2mo-e-vtior^2{mm'~\\e-v,{or) 

(2.13) V 

= 2Y,U,f{l^\T{vt{j))\'). 

7 
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Applying the same formulas as above, we see that the right side of (|2.12p is equal 
to 

u-vmr = ur + \\vtm'-2Rem),o 

(2.14) =2{Uf-Re{Vt{0,0) 

= 2^||e,|P(l-r(t;,(7))). 

7 

Since we have r(i;t(7)) = exp(-t2||g(7)||2) > cxp{-2t'^\\q{-f)\\^) = |r(z;t(7))|2, the 
conclusion follows from (|2.13p and (|2.14l) . □ 

The multipliers rat arising from a proper quasi-cocycle behave in some sense as 
compact operators on LT, i.e., mt is continuous from the weak operator topology 
to the strong operator topology. Results of this type will be used crucially in the 
proof of Theorem 4.1. 

Proposition 2.9. Let mt be the Schur multiplier associated to some proper quasi- 
cocycle q on r. Ifvk G M — LT is a bounded sequence of elements such that Vk ^ 
weakly, as k ^ oo, then for every t > and every finite set F dT we have that 

lim ( sup ||(mt(ffe)® 1)(Pf® 1)^11 1 =0, 
fc^oo y||4||<i J 

where ^ £ L'^(M) ® L'^{M). Here we denoted by Pp the orthogonal projection from 
L'^{M) onto the linear span of the set {6a \ ct G F}. 

Proof. Let ^ — J^s^^ ® where {77s}sgn is an orthonormal basis of L'^(M) and 
= J2r^r^r- Notice that IICII < 1 amounts to Er l^rl^ < 1- Without loss of 
generality we may assume that the set F consists of one element, i.e., F — {7}. Let 
Vk — ''^h'^^h be the Fourier expansion, where € C. Then applying the formula 
for mt and using < 1 we have that 

S 

^Y.wT.^^^'^hUhV-tie.s.n' 

s h 

= E II E(^("*('^^)^''(^-*(^)))i)(^^^7)'^'^7f 

(2.15) ' 

= EEi^^^7i'i^K('^7)^'^("-*(7)))P 

s h 



= E E l^'^7l' exp i-t'Uhj) - 7r,(g(7))|P) 

s h 

<Y,\4\^ex^{~t^uh^)-7:n{qmr)- 



h 

Furthermore, by the quasi-cocycle relation, the last term above is smaller than 
(2.16) < ^ \vl\^ exp (~^\\q{h)r + t^D{q) 

h ^ 
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Fix e > 0. Since q is proper there exists a finite subset C T such that 
2 /2exp(t2D(g))\ 

_ In — I < \\q{h)f, for aU /i £ T \ F^. This obviously implies that 

(2.17) e^^(J^\\q{hW+eD{q)\< 



2 / 2maxfc ll'yfell^^' 

for all e r \ i^j. Since the sequence converges weakly to as A: approaches oo 
and Fe is finite, one can find ftg £ N such that, for all k > kg and all h G F^, we 
have 

/ \ 2 

(2.18) l^^^l < 



2\F,\maxheF^exp{-*-^\\q{hW + t^D{q)) J 
Using ([133, (EUSl), (EHZl), and ((^1^ we obtain that for all k > k^ we have 
||(mt(«fe)®l)(PF®l)ef 

<5^|«^pexp(-|||<z(/^)f +i22?(9) 
= J2\v',fexp(-^^\\qih)f+t'Diq)\+ \vffexp(-^^\\qih)f+t'Diq) 



< Yl . exp(--||g(/^)f +t^i^(g) 



2|F,|max;,eF.exp(-f ||g(/i)P+t2D(5)) 2 



I .. /. M|2 



2 max, IK 

<- + - = £, 

- 2 2 

which gives the desired conclusion. □ 

3. The proof of Theorem [K\ 

We begin by proving a general result (Theorem 13.21 below) describing the "po- 
sition" of all commuting subalgebras in crossed products L°°{X) x T arising from 
actions T r> X of exact groups F admitting proper arrays. The strategy of proof 
will essentially follow Theorem 4.3 in [30] . formally replacing the family of almost 
derivations with the one-parameter group at constructed in H2.3\ We note that 
unlike the proofs of solidity by Popa [34] and Vaes — which also make use of 
one-parameter automorphism groups — we cannot directly appeal to spectral gap ar- 
guments and must, like Peterson, make fundamental use of Haagerup's criterion for 
amenability. We state Haagerup's criterion here for the convenience of the reader. 

Proposition 3.1 (Haagerup, Lemma 2.2 in [H]). Let M be a IIi factor. A von 
Neumann subalgebra N G M is amenable if and only if for every non-zero projection 
p e Z{N) and every finite set of unitaries F C U{Np) we have 

(3.1) \\Y,^®u\\^ = \F\- 

ueF 

Using this criterion, in cooperation with the technical results from the previous 
section, we show the following. 
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Theorem 3.2. Let T be an exact group together with a finite family of subgroups 
T . We assume that T admits an array into a weakly-£^ representation that is proper 
with respect to T . Also, letTr^X be a free, ergodic, measure-preserving action of 
T on a probability space and denote by M = L°°{X) y] T. Then for any diffuse von 
Neumann subalgebra A C M , either: 

(1) A' r\ M is amenable; or, 

(2) A <M L°°{X) yi E, for some E e J". 

Proof. Denote hy N ^ A' r\M. Assuming that A L°"{X) we will show that N 
must be amenable. Let p G 2{N) be a non-zero projection and F C U{Np) be a 
finite set of unitaries. 

For convenience we recall that in Section 2.3 we considered a path of unitaries 
Vt G <B(L2(r'^) ® L^(X) ® e^iT)) defined as Vti^ ® (g) 5^,) = vti^/)^ (E)T](E>S.y, for 
every ^ e ), V & L^i^), and 7 e T. We claim that, since A y<M L°°{X) x E 

for all Tj € F,Vt cannot converge uniformly to the identity on {Ap)i. Indeed, if 
A L°°{X) y E for all E G 7^ then, by Popa's intertwining techniques, there 
exists a sequence of unitaries G U{Ap) such that for all s, i G F we have that 

(3.2) ||^^L°°(x)xis("t«fc"s)l|2 as fc ^ 00. 
Then letting Vk = X^-y v'^u^ G L°°{X) x: F it is easy to see that 

\\e-VMr^\\e-Vt{Y,v%)f 

7 

(3.3) -^lk^||^exp(-2t2||q(7)f) 

7 

= ^ \\EL^^x){vku;)\\l exp (-2t2||<z(7)f ) . 
7 



Since q is proper relative to the family an easy computation shows that p.2p 
together with p. 31) imply that ||e • Vt(ufe)|| converges to 0, as fc — 00. Hence our 
claim follows because we have ||Vt(a;) — a;|| > ||e ■ Vt{x) — x\\, for aU x G Ap. 

In conclusion, one can find a constant c > such that for every i > there exists 
Xt G {Ap)i such that ||14(a;t) ~ 1| > c. Let us denote Vt{xt) by and define to 
be Ct — e(Ct). By Lemma [2^ we have that > -. 

Let E C L^{X) X F be the operator system spanned by {p} U F U F*. Since 
F is exact and L°°{X) is abelian (hence, nuclear as a C*-algebra), for every F- 
invariant, separable C*-algebra A the reduced crossed product A xio-.r L is exact, 
which implies that L°°{X) y^^r L is locally reflexive. Therefore, one can find a net 
{'fi)iei of contractive completely positive maps ipi : E L°°{X) Xo-,r L such that 
(pi — ids pointwise-ultraweakly. In fact, by passing to convex combinations of the 
95i's, we may assume that ipi{u) — ^ u in the strong* topology for all u d F. Fixing 
i G /, we have that for all u G F 
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(3.4) 

lim||(/3,(u)6(^i(u*) -S,t\\2 

= \im\\{l-e)iip,iuKmiu*)~Ct)h 

< \im\\(pi{u)Jipi{u)J{Ct) - Cth 

< \im\\ipi{u)Vt (a^t{JVi{u)J) ~ Jipi(u)J) Xth + l™ll^t ("-t(<Pi('«)) ^ 'Pii^)) J^Pi{u)Jxt\\2 

+ l™ll^t {(Pi{u)Jipi{u)JXt - Xi)||2 

< \im\\{a^t{J'fii{u)J) - Jipi{u)J) Xt\\2 + lini|| (a-t(<Pj(u)) - ^Pi{u)) J^pilu)Jxt\\2 
+ \m^\tpi{u))Jipi{u)Jxt ~ xt\\2 

< 2Vmi\\{at{(pi{u)) - (pi{u)) ■ e||oo + lun\\(pi{u)xt(pi{u*) - Xth 
= \im\\ipi{u)xt(pi{u*) - xt\\2 

< lim||ua;fW* - xth + 2 lini||a;t||oo||¥'j(w) - "lb 

< 2||t^i(u) - u\\2 

Given e > 0, let us choose i d I such that ^^||iy9i(M) — m||2 < — . Viewing 

ueF 

% = L%{Y'") ® L'^iX) ® in the natural way as a Hilbert M-bimodule, we 

have that H is weakly contained in the coarse bimodule over M (cf. Lemma 5.1 
in [H]). Hence, the induced representation tt' : M (g)aig M° ^{V.) given by 
Tr'{x (E) y°)S, = x^y extends in the minimal tensor norm. Thus, by the calculations 
above there exists t > such that 



1^ Ulloo > \\^<fi{u) (g) <fi{u)\\c 



. \\J2u&Fvd^)^mi^*)\\2 I I 

- 

Hence, by Haagerup's criterion we have that N is amenable, a contradiction. □ 

Proof of Theorem [21 Let F be an exact group belonging to the class QHreg and let 
A C LP be a diffuse subalgebra. Applying the previous theorem in the case when 
X consists is a point, we have either ^' n M is amenable or A C. However, the 
second case is impossible since A is diffuse; hence, it follows that LT is solid. □ 

4. The proof of Theorem [B] and corollaries 

The above techniques for proving solidity can be upgraded to more general sit- 
uations. Specifically, we obtain a result describing all weakly compact embeddings 
in the crossed product von Neumann algebras arising from actions of hyperbolic 
groups (Theorem l4.ip . Though our approach follows the general outline of the proof 
of Theorem B in |29| there are substantial technical issues which arise in working 
with deformations from quasi-cocycles. For instance, one has to confront a lack of 
traciality in the spectral gap arguments. However, we believe that, by dealing with 
these obstacles, the techniques developed bring new insight in proving structural 
results for these factors. 
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To state the main theorem we need to recaU the notion of weak compactness 
introduced by Ozawa and Popa in [28 . Briefly, a given inclusion of finite von 
Neumann algebras B C_ Q is said to be a weakly compact embedding if the natural 
action by conjugation of the normalizer J\fQ{B) r\ B is weakly compact. This means 
that there exists a net of positive unit vectors (77n)neN in L^{Q) ® L^{Q) which 
simultaneously satisfies the following relations: 

(1) \\-qn - {v®v)r]n\\ 0, for ah v e U{B); 

(2) M,77„]|| 0, for all u € Uq{B); and 

(3) {{x ® l)r]n, Vn) = t{x) = ((1 ® x)r]n, r/„}, for all x eQ. 

Theorem 4.1. Let T be an exact group which admits a proper quasi- cocycle into a 
weakly-i^ representation. Let T rx X be a measure-preserving action on a probabil- 
ity space and denote by M = xi F. If P G M is a weakly compact embedding, 
then one of the following possibilities must hold: 

(1) P L^{X); 

(2) Mm{P)" is amenable. 

Proof. We wiU denote by iV = Nm{P)" and fix p G Z{N' n M) a projection. The 
general strategy of the proof to show that the assumption P -^m L°°{X) implies 
that Np is amenable. By assumption P C M is weakly compact, so there exists a 
net of unit vectors (??n)nGN in L^(M) (g) L^(M) as above. 

Let H = L'^{Y^) ® L^(X) (8)^^(r) which as we remarked in the proof of Theorem 
13.21 is weakly contained as an M-bimodule in the coarse bimodule. Fixing t > 
we consider the unitary Vt associated with the quasi-cocycle q as defined in the 
previous section. Next denote by Tin,t = {Vt ^ l){p ® Cn,t = (e l)fjn,t = 

ie-Vt(» l)ip ® 1)?7„, and ^n,t = Vn^t - Cn,t = (e^ ® l)r]„,t e H ® L^{M). Using 
these notations we first prove the following result which is a technical adaptation 
of Proposition [2]9l 

Lemma 4.2. Let xxit be the Schur multiplier associated to the proper quasi-cocycle 
q on T and let xht = idx OiTit- Let Vk (z M be a bounded sequence of elements such 
that for all x,y € M we have ||£'^=o(x)(2;'yfc2/)||2 — > as fc ^ oo. Then for every 
t > and every finite set F C T we have that 

lim (sup||(mt(wfe)«)l)(PF«'l)C«.t|l ) = 0- 

fe->oo \ n / 

Here we denoted by Pp the orthogonal projection from L'^{M) onto the linear span 
of the set {L'^{X) 5^ | a G F}. 

Proof. Let {p® l)r]n = ® where {&s}sgN is an orthonormal basis of L'^{M) 

and a" = a^'" ® Sr- Without loss of generality we may assume that the set 
F consists of one element, i.e., F = {7}. Let Vk — J2h^h^h. be the Fourier ex- 
pansion, where G L°°{X). Then applying the formula for irii together with 
(Pf «'l)(C»,t) = {PF'»lKe-Vt®mpm)vn) = ((exp(-t2||g(7)||2)a^,")^j^)®&^ 
and exp(— 2i^||g(7)|p) < 1, we obtain the following formulas 
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(4.1) 



ll(mtK)® 1)(Pf® l)Wf 
= E l|el^*«fe^-t((cxp(-t^|k(7)f)«r) ® '^7)11' 

S 

= exp(-2t2||q(^)f ) ^ II ^ eF,z;^u,Vl,(a^'" 5,)f 

s h 

= EE ii"'^''«)ii'i^(^*('^^)'^''(^-*(^)))i' 

= EE ll^^^''«)ll'^^P i-i'Mhl) - 7r.(g(7))f ) 

s h 

Furthermore, by the quasi-cocycle relation, the last term in the equation above is 
smaller than 

(4-2) < EE ll^^^''K'")ll'e^P (-jMh)r + t'Diq) 

s h ^ 

Applying the identity ||(a: (g) l)(p (g) 1)?7„|| — \\xp\\2 for all elements of the form 
X — vf^Uh, h GT, a basic calculation shows that J2s J2r W^h'^hiap^)]]'^ = Ik/J^/iPlll 
for all fc G N, /i G r, and n. In particular, this implies that, for all A: e N, ft- G F, 
and n, we have 



^Ha,iaf^'-)r<H\\l 

S 

Using these estimates we see that the expression (|4.2p is smaller than 



(4.3) <J2H\\h^p(-^^Mh)r + t'Diq) 

h ^ 

Fix £ > 0. Since the map q is proper, there exists a finite subset C F such 

2 / 2exp(t'^D(q))\ „ 
that ^In I i-i- — ^ j < ||g(ft)f for all /i G F \ F^. This obviously implies 

that 

t2 



V 2 J 2maxfc||wfe||^ 

for all /i G F \ F^. Since for all x, y G M, the sequence \\Ei^^(^x){xvky)\\2 converges 
to as fc approaches oo and F^ is finite (depending only on e and q), then making 
a suitable choice for x and y one can find fc^ G N such that, for all k > and all 
h F^, we have 

1 

I \ 2 

(4.5) \\v\h < 



2\F,\ma^h^F, exp (-^||q(ft)||2 + t^D{q)) J 

Altogether, relations (|4?T|) . (|43l) . (|44)) . and (|4?5|) show that, for all k > k^, we 
have 
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sup ||(mt(wfc) ® l)(Pi. ® l)C„,tf 
n 

< E H\\i^^p(-^^Mh)r+t'D{q))+ E \H\\ie^p(-^^Mh)r+t'Diq) 

+ E ll^''ll2Vo II I 

£ £ 

which gives the desired conclusion. □ 

Using the notations introduced at the beginning of the proof we show next the 
foUowing inequahty: 

Lemma 4.3. 

Lim||e„,t|| > ^Iblb, 

n IZ 

where "Lim" is a limit along a non-principal ultrafilter. 

Proof. Using the triangle inequality multiple times, we have that 

\\rin,t - (e o at{v) ^ v)Cn,t\\ < WVrut - (e • at{v) w)?7„,t|| + Un,t\\ 

< WCn.t - (e ■ at(v) ® v)ijn.t\\ + '^\\Ut\\ 

< WVrut - (ativ) ® w)77n.t|| + 2||Cn,t|l 

< ||?/„ - {V (E) V)l]n\\ + 2\\Utl 

for aU V e U{P) and ah n G N. 

Consequently, since by (3) we have ||?yn.t|| — \\p\\2, using the triangle inequality 
again we get 

(4.6) \\{eoat{v)®v)CnA\ > Ibib - 2||C„,t |l " - (v ® «)r/„||. 

Next we consider the operator e • Ut ^ 1 from L'^{M)®L'^{M) to L'^ {M) ® LF' {M) . 
Since q is proper one can check that there exists a finite subset F C F such that 

\\{Pp®\){e-Vt®\-) — e-Vt®l\\oo < -\\p\\2- here Pp denotes the orthogonal projection 

6 

on the linear span of L°°(X)F. Hence using the formula eoatoe — eorfit together 
with relation (j4.6p and the triangle inequality, we obtain 

(4.7) Wimiv) ® 1){Pf ® l)Cn.t|! > IWph - 2UnA - WVn -{V® v)Vn\\, 

6 

for ah V e W(P) and ah n e N. 
This further implies that 

(4.8) sup||(mt(i>) ® 1){Pf ® l)Cs,t|| > ^Iblb - 2|lC„,t|| - hn - {v (g) v)v„\l 

s 6 
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for all V e U{P) and all n e N. 

Taking "Lim" , an arbitrary limit along a non-principal ultrafilter, above and 
applying relation (1) we obtain 

(4.9) sup||(mt(z;)®l)(Pf ®l)Cs,dl > ^lbll2-2LiniI|e„.tI|, 

for all V G U{P). This shows that the limit Lim„ ||^„,t|| > ^||p||2- Indeed, since 
P ^ L°°{X), by Popa's intertwining techniques there exists a sequence of unitaries 
Vg G U{P) such that for all x,y G M we have \\Ei^^(^x){xvky)\\2 — >■ 0, as — > oo. 
Applying inequality (j4.9l) for each Vk and taking the limit as fc — oo then Lemma 
14.21 implies that the left side of (|4.9p is and we get the desired conclusion. □ 

Following the same argument as in Theorem B of [29], we define a state 4't on 
M - <B(H) n p(M°P)'. Explicitly, Mx) = Lim„ ^-i^((a: ® l)^„,t,^„,t) for every 
X G A/". Next we prove the following technical result 

Lemma 4.4. For every e > and every finite self-adjoint set K C L°°(X) xi^.r L 
wz</i (iist||.||2 (y, (A^)i) < £ for all y £ K one can find t^ > and a finite set 
Lx,e C Mm{P) such that 

(4.10) myx-xy)®l)U,uUt)\<l^e + 2 ^ \\[v®v,r^r.]l 

veLK.e 

for all y G K, ||a;||oo < 1? > ^ > 0, and n. 

Proof. Fix e > and y ^ K. Since N — Nm{P)" by the Kaplansky density 
theorem there exists a finite set Fy — C JVm{P) and scalars such that 

II I]iM»'^j||oo < 1 and 

(4.11) ||y-5lM.^^»ll2 <£• 

i 

Also using Proposition 12.61 one can find a positive number > such that, for all 
> t > 0, we have 

||(2/-a-t(y)) -elloo < e; 

(4.12) 

\\[JyJ - a^t{JyJ)) • e||oo < £• 

Next we will proceed in several steps to show inequality (|4.10p . First we fix 
t^ > t > Q. Then, using the triangle inequality in combination with ||s||oo £ 1, 
(|4.12p . and the M-bimodularity of 1 — e = e^, we see that 

® l)Cn,t, (y* ® l)Cn,t> - {{xy ® l)^«.t, in,t)\ 

< ||(a_t(?;*) - y*) ■ e\\oo + \{ix ® l)Cn,t. , (e^V^yV ® l)^n) - {{xy ® l)Cn,t, ?„,t) | 
<e+\{{x(E) l)C„,t, {e^Vty*p (E) 1)77„) - {{xy ® l)^n,t,^n,t)\ 

Furthermore, the Cauchy-Schwarz inequality together with (3) and (|4.1ip enable 
us to see that the last quantity above is smaller than 

<e+ \\{{y*p - UiOP ® l)77«ll + \Y^l^{{x® l)6>,t, {e^VtV*p ® l)ri^) ~ {{xy ® l)C„,t, C„,t)| 

i i 
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To this end wc notice that, since rjn is a positive vector and J is an isometry 
then for all z G M we have 



(4.13) h„(z ® 1)11- \\J{Z* ® l)JVn\\ = \\{Z* ® l)Vn\\ = \\Z*\\2 = \\zh 

Using this identity in combination with (j4.1ip and Vi being a unitary, we see that 
the last quantity above is smaller than 



(4.14) 

<2e + J2 \M ® ^*,Vn]\\ + I ^M»((a^ ® v:)in^t, (e^T^P ® l)(r/„< ® v*)} - {{xy ® l)^n,t,^n, 

i i 

< 2e + ^ II [< (g) V*,nn]\\ + \{{X ® l)^n,t, ie^Vtp(E>l){r]n{Y^ ^i^V*) (g> 1)) - {{xy (g> l)£.n,t,^n,t 

i i 

< 3£ + ^ II [< v*,rin]\\ + \{{x ® l)£,n,t, {e^Vtp I) {Vniv* (8) 1))) - {{xy ® l)C„,t, Cn,t) 1 

i 

Next we observe that using the second part of (|4.12p and Vt being a unitary we 
have 

llV^t ® Hip (E> i)vn{y* <E> 1)) - {Vt ® i{{p (E> i)vn)){y* <e> i)|| 
= WiVtJyJ ® l){p ® l)r]„ - {JyJVt ® l)(p® 1)?7„|| 

< WiVtJyJ ® l)(p ® 1)?7„ - {JyJVt O l)(p « 1)77„|| 

< \\{{JyJ~a^t{JyJ))<E)l){p®l)vn\\ 

< \\{JyJ ~ a^tiJyJ)) ■ e\\^ < s 

Therefore applying this estimate two times we see that the last expression in 
(|4.14p is smaller that 



< 4e + ^||[< (»w*,77„]|| + \{(x(E)l)^n,tA{e^VtP<idl)Vn){y* ® 1)) - ((a:?; ® l)Cn,t, Cn,t)| 

i 

= 4e + ^||[<®w*,7y„]|| + \{iix®l)^n^t){y®l)Ae^ytP®'^)Vn) - ((a;?/ l)C„,t, ?«,t) | 

i 

< 5e + ^ II [vi ® v„T]n]\\ + \{{xe^Vtp ® l){Vn{y ® 1)), {e^Vtp <E) l)vn) - {{xy ® l)Cn,t, ^n,t)| 

i 



Using (j4.11l) . (j4.13p . Vi being a unitary in combination with triangle inequality 
we see that the last quantity above is smaller than 
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< 6e + ^\\[vi®Vi,r]n]\\ + 

i 

\^IJLi{{xe^VtP® l){Vn{vi <^Vi)), {e'^VtP Vi)r]n)} - {{xy l)^n,t,£,n.t)\ 

i 

<6e + 2"^\\[vi(g>v^,rin]\\ + 

i 

i 

= 6e + 2^||[t>i(8)i;„?7„]|| + 

i 

{{xe^VtpC^liiVi) ® l)r]n, (e^Vtp (8) 1)77„) - {{xy (g) l)^n,t,£.n,t)\ 

i 

Then (|4.1ip together with (3), the Cauchy-Schwarz inequaUty, and ||a;||oo < 1 
show that the last quantity above is smaller than 

< 7e + 2j2\\h'»^i,r]n]\\ + {{xe^Vtpy (E) l)vn, (e^Vtp (E) l)vn) - {{xy E) l)Ut,^n,t) 

i 

<7e + 2Y,\\h<»v„ 77„] II + II {{Vtpy - yVtp) ® 1)77„|| 

i 

Finally, using (|4.12p together with (3) and the initial assumption dist^^.^^^{y, {N)i) < 
e we obtain that the last expression above is smaller than 

< 7e + 2 ^ II K ® ?7„]|| + \\{{Vt{py - yp)) ® l)ry„|| + ||(Cl4y - yVt) ® l){p ® l)iin)\\ 

i 

< 7e + 2^||K(g)i;,,77„]|| + \\{{py - yp) ® l)r]n\\ + || (y e||oo 

i 

< 8e + 2^||[z;,0w„77„]|| + \\py - yph 

i 

< 10e + 2^||K®w„r?„]||. 

i 

In conclusion, (|4.10p follows from the previous inequalities by taking LK,e — 

^y£KFy. □ 

Lemma 4.5. For every e > and any finite set Fq C IA{N) there exist a finite set 
Fq C F C M , a c.c.p. map ifp.e '■ span{F) L°°(X) xio-,r T, and > such that 

(4.15) \^ptAVF,6{up)*xLpF,s{up)) - iptAx)\ < 116e, 
for all u £ Fq and ||a:^||oo < 1- 

Proofi Fix £ > 0. Denote by F = {up, u*p} U Fq U Fq and E = span{F). By local 
reflexivity, we may choose a c.c.p. map ipp,^ : E ^ L°°{X) 'Acr,r F such that for all 
u£F 

(4.16) \\^F,e{uP)~M\2<e. 
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This shows m particular that dist\\.\\^{ipF,eiup), {N)i) < e for all u €z F. Therefore, 
applying the previous lemma for K = {LpF,e{up) : u G F} C L°°{X) xio-,r T, there 
exists a > and a finite set K' C Nm{P) such that, for all u ^ F, all ||a;||oo < 1, 
and all n, we have 

(4.17) 

veK' 

Also using Proposition l2.6[ after shrinking if necessary, we can assume in addition 
that for all u e F we have 

(4-18) ||((/7F,e(wp) - a~t,{'PF,e{up))) ' e||oo < £• 

Hence, using triangle inequality together with (|4.17p and the Cauchy-Schwarz 
inequality, we have that 

< 10e + 2^||[w(g)i;,?7„]|| + \{{x{(pF,Aup)^FAupy " 1) » l)^«,t, , Cn,t J 

i 

< 10e + 2^ ||[w(g)5,77„]|| + \\x\\oo\\{^F.Aup)'PF,e{up)* - 1) eg) l)UtM 

V 

< 10e + 2^||[ 

V 

+ \\{VtAVF..s(up)ipF.s{upy - l)p(E)l)T]n\\ 

Furthermore, using ()4.16p together with the Cauchy-Schwarz inequality, (3) and 
(|4.18p we see that the last quantity above is smaller than 

< 12£ + 2^||[i;(8)i;,77„]|| + ||((v9j.,^(Mp)(pF,eM* - 1)77«|| 

< Ue + 2Y^\\[v(g)v,r]„]\\ + ||v5j.,eM(y9F,eM* -Ph 

V 

<Ue + 2j2\\[v<^ V, Vn]\\ + 2||(^F,£M - up\\2 

V 

< 20£ + 2^||[z;(8)i;,77„]|l. 

V 

Altogether, the above sequence of inequalities shows that 

\{{^F^e{upyx^F,e{up)®l)^n,U,^n,tJ-{{x®l)^n,U,in^tJ\ < 20e+2 ^ \\[v^V,r]n]l 

vGK' 

and combining this with (2) and Lemma 14.31 we obtain 

'20£ + 2^^ \\[v^v,r]n 



\'^tA^F,eiup)* XipF,e{up)) - l/'t, (x) | < Lim 



|2 



20e 

< 7T < 116e, 

which finishes the proof. □ 
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For the remaining part of the proof we mention that one can use Haagerup 
criterion to show that Np is amenable. In fact the reasoning in Theorem B in [29] 
apphes verbatim in our case and we leave the details to the reader. □ 

Proof of Theorem\^ Let F be an i.c.c. group which is weakly amenable and admits 
a proper quasi-cocycle into the left-regular representation, and consider A C LT = 
M a diffuse amenable subalgebra. By Theorem B in [26] it follows that A is weakly 
compact in LT. Also, weak amenability implies that F is exact, cf. Theorem 12.4.4 
in [4]. Hence, applying the previous theorem for the case when X consists of a 
point, we obtain that either Mm (A)" is amenable or A C. Since A is diffuse 
the second case is impossible and therefore LT is strongly solid. □ 

Proof of Corollary i?17J In the case that F is hyperbolic, a result of Ozawa shows 
that F is weakly amenable [24]. In the case that F is a lattice in Sp(n, 1), choose a 
co-compact lattice A < Sp(n, 1). We have that A is Gromov hyperbolic; hence, by 
[l6] A admits a proper quasi-cocycle in to the left-regular representation. A result of 
Shalom (Theorem 3.7 in [39|) shows that F < Sp(n, 1) is integrable, thus £^-measure 
equivalent to A. As explained in the proof of Proposition [TT71 item (4), this implies 
that F also admits a proper quasi-cocycle into the left-regular representation. The 
work of Cowling and Haagerup [8] shows that Sp(n, 1) is weakly amenable, which 
implies, by an unpublished result of Haagerup, that any lattice in Sp(n, 1) is also 
weakly amenable (cf. t26j). Therefore, the hypotheses of Theorem 151 are satisfied. 

If F is an exact, weakly amenable group which admits a proper quasi-cocycle into 
a weakly-£^ representation, then for any profinite, free, ergodic measure-preserving 
action F X on a standard probability space, M = L°°{X) x F is a weakly 
amenable Hi factor. If A C M is a Cartan subalgebra, then the normalizing 
algebra Mm (A)" is obviously non-amenable and therefore, by Theorem l4.H we must 
have that A <m L°°{X). Hence, by Appendix A of [32|, there exists u £ U{M) 
such that uAu* — L°°{X). Next, if A r\ F is a free, ergodic measure-preserving 
action of a countable discrete group A on a standard probability space Y such that 
9 : L°°{Y) X A — )■ L°°{X) x F is an isomorphism of von Neumann algebras, then 
we may assume that 6{L°°{Y)) = L°°{X). In particular, the actions T r\ X and 
A r\Y are orbit equivalent and by Theorem A of [T3| it follows that T r\ X and 
A r\Y are virtually conjugate. □ 

Proof of Corollary Let T r\ X and A rv F be two orbit equivalent actions. 
Therefore one can find an isomorphism 6 : M — L°°{Y) x A — > L°°(A) x F such 
that 9{L'^{Y)) — L°°{X). Let S < A be an infinite amenable subgroup and we 
assume by contradiction that its normalizing group Nf^iYi) is non-amenable. From 
the assumption it follows that A is weakly amenable and therefore the action by 
conjugation of A^a(E) on LE is weakly compact and so is the action by conjugation 
of 9{N[^{Yi)) on d{LT,) [55]. Since 7Va(S) is non-amenable the previous theorem 
implies that 0(LI]) i°°(A) and since e{L°°{Y)) = L°°{X) this is equivalent to 
^ L°°{Y). This however is impossible. Indeed, by intertwining techniques this 
implies that one can find finitely many elements Xi,yi G M and C > such that 



(4.19) 



^ \\EL^^YMvy,)\\l > C, for ah v G W(LS). 

i 
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By shrinking c a little we can assume that for all i the elements Xi and yt have 
finite supports in F. Therefore the union F C F of all these supports is still a finite 
set and so is F~^F~^. Since E is infinite one can find 7 G S \ F~^F~^. A simple 
computation shows that all elements XiUji/i are supported on elements different 
than the identity and hence Ei^ac(^Y){^i^yi) = which contradicts (j4.19p . □ 

Remark 4.6. Note that the same proof above shows that all i.c.c. groups in the orbit 
equivalence class of an i.c.c. hyperbolic group give rise to strongly solid factors. 
This should be compared with an observation of the second author and Peterson 
(Remark 6.4 in [21]) on orbit-equivalence and strong solidity of group factors for 
weakly amenable groups with the "L^-Haagerup property" . 

5. The proof of Theorem [Cl and corollary 

This last section in the main body of the paper contains the proof of Theorem [Cl 
on the uniqueness of decompositions of group von Neumann algebras of products of 
groups in QTircg into prime factors. Our proof is designed to circumvent a technical 
subtlety in the proof of Theorem 6.1 in [30j on the norm estimates of fusion products 
of certain vectors <5q(x^) — specifically, whether these vectors are uniformly bounded 
from below, so that the estimate "||Ca||2 > c™" is achieved. Essentially, we will be 
using Theorem 13.21 together with the fact that there is a well-defined way to take a 
tensor product of arrays as explained in Proposition II. 41 

Proof of Theorem Notice that via a canonical isomorphism we can view Af = 
LFi® • • - ^LTn — LT where F = Fi x F2 x • • • x F„. By assumption, for each 1 < 
i < n, there exists an array qi : Ti ^ "Hi into some weakly-£^ unitary representation 
TTj : Fi — > U{'Hi). Consider the tensor product representation tt : F — UiT-L), where 
H ~ Hi (E) %2 ® ■ ■ ■ ® T-Ln and tt = tti ig) 7r2 iX) ■ • ■ 18) 7r„ , and notice that since T-Li is 
weakly-£^ then T-L is weakly-^^ for F. Setting F^ to be the kernel of the canonical 
projection from F onto F^, using Proposition [F4l inductively, one can construct an 
array q :T ^ % which is proper with respect to the family {F^ : 1 < i < n}. 

Now, suppose that B C LT is a IIi subfactor whose relative commutant N = 
S' nl/F is a non-amenable factor. Therefore by Theorem 13 .21 there exists 1 < j <n 
such that B <M LTj- The result then follows by appealing to Proposition 12 of 
[H]. □ 

For the remaining corollary we fix the following notation. Given a subset F C 
{1, . . . , n}, we denote by Tp the subgroup of F = Fi x • • • x F„ which consists of 
all elements with trivial i-th coordinate, for all i E F. 

Proof of Corollary Ca Suppose that m < n. Since Fi x • • • x F„ ^me Ai x • • ■ x A„j, 
there exists an isomorphism ip : A >i (Fi x • • • x F„) — ^ (B x (Ai x • • • x A^))* 
such that ip{A) = B*. For simplicity, we will assume that t = 1, and we denote 
F = Fi X • • • X F„, A = Ai x • • • X A^, M = A xT, and N = B » A. Also, 
throughout the proof, for every subset F C {1, . . . , 71} and K C {1, . . . , m}, we 
define Mp ^ Axitp and Nk ^ B yi Ak- 

To begin, we prove that for every proper subset F C {l,...,n} there exists 

C {1, . . . , to} such that |F| = \K\ and 



(5.1) 



0(^(f f)) <n Nk. 
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First, we notice that the same argument as in the proof of previous theorem 
shows that if P C is a diffuse subfactor such that there exists a non-amenable 
subfactor Q C P' O N, then one can find 1 < I < m such that P Ni. In 
particular, this shows our claim when F consists of a single element. To get the 
general case we will proceed by induction on the cardinality of F. To explain the 
inductive step, fix a proper subset _F of {1, . . . , n} together with an element k €z F. 
By assumption, there exists K' C {1, . . . , m} with \K'\ = \F\ — 1 such that 

(5.2) HL{^F\{k}))^NNK'. 

Therefore, since all F^ are i.c.c, one can find projections pi G (I){L{Tf)), p2 G 
<j){L{T^^))^ q G Nk', and an injective homomorphism 

■■ (pi «)_p2)0(i(fF\{fc})) (Pi ®P2) qNx'q- 

Next, we notice that 6{pi ®P2 4'[L{Tp))pi 0^2) and 9{pi <S)P2 4>{L{Tk)pi ®P2) are 
non-amenable, commuting subfactors of 9{pi ®P2)Nk' d{pi ® P2)] thus, applying 
the same argument as before, there exists an element j G {1, . . . , m} \ K' such that 

(5.3) e{pi ®P2(i){L{tF))pi®P2) ^fj^, Nk'uU}- 

Finally, by Remark 3.8 in [42], relations (|5?2|) and (fO]) imply that (t>{L{tF)) diN 
^K'u{j}j which concludes the inductive step and the proof of (|5.ip . 

Notice that (|5.1I) automatically implies that m = n. Indeed, if to > n + 1, then 
applying the statement for any subset F C {1, . . . , n} with \F\ = m — 1, we get that 
<j){L{TF)) diN -B XI A/ for some 1 < I < m which obviously contradicts Theorem 
13.21 Also, (|5.1|) implies that for every 1 < i < n there exists 1 < 7r(i) < n such that 
<j){L{Ti)) :<N B X A^(j). Notice that since (f>{A) = B, for all 1 < z < rt, we also have 
that 

(5.4) 0(^ X F,) B X A^(,). 

Applying the same procedure for (j>^^, for every 1 < i < one can find 1 < 
p(7r(z)) < n such that 4>~'^{B x h-T^^i)) <m A x T p(^^(i-^y, equivalently, 

(5.5) B X A^(,) diN (1){A X rp(^(i))), 

for all 1 < z < 71. Combining this with (|5.4p and using that (t){A x F^) is an 
irreducible subfactor of N, we obtain 0(A x F^) <m 0(^ x '^p(T!(i)))- In particular, 
this implies that p{-K{i)) — i, for all 1 < z < n; hence, tt is permutation of {1, . . . , n}. 
Therefore, using ()5.4p and (|5.5p together with Proposition 8.4 in [14], one can find 
unitaries Ui G U{N) such that 

(5.6) Ui(/)(A X Fi)u* = B X A^(,). 

This further gives that = Ad(ui)o(/) is an isomorphism from ^xF^ onto i? x ATr^j) 
which satisfies 

0u.(a)wi = Ui(p{a), 

for all a £ A. 

Next, for N = B x (A^(j') x A^jj)), we consider the Fourier decomposition u = 
J2x£A ( ) y>^'^^ with y\ € B » A^(i) and, using the above equation, there exists a 
nonzero element y\ £ B y\ A^f^) such that for all a G A we have 

(5.7) (j)uXa)yx^yx5x{_(t){a)). 
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Note that since B — 4'{A) is a maximal abelian subalgebra of N, ()5.7|) implies that 
yxy>' S B. Furthermore, taking the polar decomposition yx = w\\y\\ with w\ a 
partial isometry, we conclude that 

4'u,ia)w\ = w\Sx{(l)ia)), 
for all a £ A. This shows in particular (j)ui{A) -<BxiA„(i) and since B = <I){A) 

and 4>ui (A) are Cartan subalgebras of i? xi A^(.i-f, then by Theorem A2 in [32| there 
exists a unitary u'^ G B xi A^(j') such that 

Finally, letting Xi — u'jUi G J\fN{B)^ by (j5.6p the map Ad(a;i) o implements an 
isomorphism between A x F,; and B x A^(j), identifying the Cartan subalgebras A 
and i?; thus, F^ ~m_e A^^j-) for all 1 < « < n. □ 

Appendix A. Amenable Actions, Exactness, and Local Reflexivity 

Definition A.l (Anantharaman-Delaroche and Renault |2j, cf. I12j). Let F be 
a countable discrete group and F rv A be an action of F by homeomorphisms 
on a compact topological space X. The action F rv A is said to be amenable if 
there exists a sequence (^„) of continuous maps ^„ : A — > ^^(F) such that ^„ > 0, 
||^n(a:)||2 = 1, for aU x G A, n £ N, and 

(A.l) sup||A^(^„(x)) -^„(7x)l|2 ^0, 

xex 

for all 7 e F. 

Proposition A. 2 (Higson and Roe [T7). A countable discrete group F has Guo- 
liang Yu's property A [45] if and only ifV acts amenably on its Stone-Cech boundary 
/3'F = (3T\T. 

Property A is equivalent, cf. [S^, to the nuclearity of C*(F) which is, in turn, 
equivalent to the exactness of C^(F) by a result of Ozawa [21j. 

Definition A. 3. A C*-algebra A is said to be locally reflexive if for every finite- 
dimensional operator system E C A**, there exists a net {ipi)iei of contractive 
completely positive (c.c.p.) maps ipi : E ^ A which converges to the identity in 
the pointwise-ultraweak topology. 

For the purposes of this paper, the crucial property implied by exactness is that 
C^(F) is a locally reflexive C*-algebra, cf. [4, Chapter 9. 

Appendix B. A proof of Proposition II. Ill 

The aim of this appendix is to provide an elementary proof that F = x SL(2, Z) 
belongs to the class QHrog- Appealing to Theorem lAl then furnishes an alternate 
proof of the solidity of LP, the main result of [25]. As in [25], our proof will make 
use of the amenability of the natural action of SL(2,Z) on SL(2, M)/T = ]RP\ 
where T is the group of upper-triangular 2x2 real matrices. 

To begin, note that Fq = SL(2,Z) admits a proper cocycle & : Fq — > ^^(Fo) with 
respect to the left-regular representation. By Proposition 11.51 we may replace b 
with a proper, symmetric array b' into the left-regular representation. Let tt be the 
representation of F on £^(Fo) obtained by pulling the left-regular representation 
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of Fq back along the quotient F Y jl? = Fq, so that tt is weakly contained in 
the left-regular representation of F. Let p {(0, 0)} — > MP^ be the projection 

defined by y)) = x/y, and note that p is equivariant with respect to the natural 
actions of SL(2, Z) on I? and Mpi. 

Given a sequence of continuous maps ^„ : MP^ — > ^^(Fo) satisfying Definition 
[Ql define the maps : ^ ^^^Fq) by 

for z = (zi, Z2) £ I? \ {(0, 0)}, and ^n{z) = 0, otherwise. Note that for any a G Z^ 
we have 

(B.l) limsup||e;(z)-e;(2 + a)||2 = 0, 

2— >oo 

for all 71 G N. 

Now, consider finite, symmetric generating subsets 5" C Fq and 5"' C Z^. Define 
S'l = 5" U 5"' and Sk+i = SkU {Si)''+^ for all fc G N. By equations El] and El 
there exists an increasing sequence of finite, symmetric subsets Pi C P2 C • • • C 
Pfc C • • • C Z^ such that IJ^^ P/c — Z^ and a subsequence (ti/c) such that 

(B.2) sup sup \\ns{C,{g))-en,is-g)h<^, 

where s ■ g is the natural F-action on Z^. Define a map d :!? ^ £^(N; ^^(Fo)) — H 
by d{z){k) — (z), if z ^ P^, and 0, otherwise. It is then straightforward to check 
that d is proper, symmetric, and boundedly F-equivariant. For (z, 7) G Z^ xSL(2, Z) 
we define the map g((z,7)) = 6' (7) © 9(z) G ^^(Fq) ® "H. It is easy to see that q 
is a proper, symmetric array into the weakly-£^ representation tt ® 7r®°°. Thus, 
Z^ X SL(2, Z) G QHrcg and we are done. 

Question B.l. Does Z^ x SL(2,Z) admit a proper, anti- symmetric array into a 
weakly-£^ representation? 
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